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ARSTRACT

Numerical evaluation of the optimum estimate
via confiqural sampling involves evaluation of
several double integrals. These integrals
represent expectations over a distribution condi-
tioned on the observed confiquration. Theoreti-
cally, any location-scale invariant definition of
the confiquration will suffice, though numeri-
cally, some choices are better than others. &
related concern is the change-of-variables usecd to
map the region of integration, originally the
hal f-plane, onto a fixed region, such as the unit
square. This report is of use to the reader both
as a guide to the pitfalls and curiosities of the
computations presently recommended, and as an .
addendum to Technical Reports 185 and 120 [see

references] on the confiqural polysampling

approach.




1. Introduction.

As discussed in Technical Report 187 (Pregibon and
Tukey, 1981), configural polysampling techniques are useful
in: (1) determining the maximum attainable efficiency in a
particular sampling situation, (2) determining the maximum
attainable polyefficiency in a particular polysituation, and
(3) guiding the modification of a robust estimate with the
aim of increasing its polyefficiency. In section 2, we
describe the procedure and computations involved in (1)
above. Section 3 discusses those involved in (2). Item (3)
requires assessing the behavior of an estimate at particular
data configurations and will not be discussed in this
report. An appendix lists the programs, including the FOR-

TRAN integrator, used in the computations.
2, Single situations,
* background *

Consider a sample {xi:i=1,...,n} from a particular
situation {fi: i=l,...,n} where the fi are location~-scale
densities. Following Bruce, Pregibon and Tukey (198%1), the
situation is termed simple if fi=f for all i; otherwise the

situation is termed compound. For example

¥Prepared in connection with research at Princeton
University, supported by the Army Research Office (Dur-
ham) .
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Xi ~Gau(0,1) i=l...,n
is a simple situation whereas

n-1 X's ~Gau(0,1)

one X ~Gau(0,100)
is a compound situation.

Confiqural methods require transformation from the
observed sample to its location-scale inveriant representa-
tion. In most cases, the configuration is expressed vio
transformation of the order statistics y; £ ¥y Leeog Yn*

The general form of the change-of-variables is

L' = He)
s = s(y)
c, = (yi-r)/s AN

where r is a measure of location and s a measure of sceale.

Confiqural methods restrict attention to location-scale .
invariant estimators t(y) = t(r+sc) = r+st(c). This allows
the determination of the minimum mean squared error (MSE)
estimaie of location conditional on the.observed configura-
tion [ci:i=1,...,n}. Without loss of generality, assume
that fi is centered at p=0 with scale o=1. Then the condi-

tional mean squared error of the estimate is

March 30, 1981
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MSEf{t(y)lc) = Er's{r+st(_<_:) |_<_:_}2 .
This quantity is minimized by
t () = --‘l{rSIg}/E{szl_c_}
with
MsE{t (y)lc}l = E{rslc) t _(c) + E{rzlg} -

Averaging MSE(to(y)lg) over the distribution of confiqura-
tions provides an estimate of the unconditional variance at
t,(y). The estimate t (y) is unconditionally minimum vari-
ance for a symmetric situation since in that case the uncon- g
ditional bias is zero. For any particular sample, the

optimal estimate and its conditional MSE cen be computed by

numerical evaluation of the conditional expectations as we

now describe.
* computational details *

Samples are generated in a subroutine, and passed in
common to the main program. The program is shown in listing
1 in the appendix. The data may correspond to a sample from
either a simple or compound situation. A sorting subroutine

(listing 4 in the appendix) provides the order statistics

Y, £...5 Yo

The configuration {ci} is formed by making the change

of variables
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r = r{y)
s = s(y)
c; = (yi-r)/s 5N oo o o

n-2

The Jacobian of this transformation is s . Thus, in terms

of our new coordinates, we have the probability element

n

f(y)dy = s -zf(r+sg)drdsdg .

The marginal density of c is

n

hic) = s °2f(r+sg)drds :

\r \r
r s
The range of inteqration in this expression is the half-

plane. 1In order to improve the accuracy of a fixed-point

quadrature, we mep the half-plane onto the unit-square via

{see Relles and Rogers, 1977):

1

u = 1/(1+exp[n2(log s~log s*)1) 0 <ufl
i

v = 1/(1+exp[n2(r-r*)/s]) 0 <v<l

where s* and r* are appropriate centering values for the

bivariate conditional density
n-2
g(r,sleg) = s “f(r+sc)/h(c) .

The Jacobian of this transformation is
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J(u,v)

[
&N,
—
[=4
~
—
—
|
<
~
.

Thus, in terms of our new coordinates, we have the probabil-

ity element

E£(y)dy = J(u,v)s(u,v)""2E(r(u,v)+s(u,v)c)udvdc

[

g(u,v,c)dudvdc .

* cubature *

The evaluation of the required conditional expectations
can now be carried out by two-dimensional numerical integra-
tion (cubature). The following integrals (each defined on

the unit square):

(1) h(g) = fJ a(u,v,c)cudv

(2) E(szlg)h(g) A s(u,v)zg(u,v,g)dudv

(3) E(rzlg)h(g) 33 r(u,v)zg(u,v,g)dudv

(4) E(rsle)h(c) = ff r(u,v)s(u,v)g(u,v,c)dudv.

have so far been done using a 24 point Gaussien quadrature
rule in both dimensions (but see below). Thus, for example,

(1) is computed as

24 24
h(c) = jzl kzl Wit 9(2502,0C)

where {wi:i=l,...,24} and [zi:i=1,...,24} are optimally

mMarch 30, 1981

I——




)

chosen waights and evaluation points along one cdimension.
In particuler, these values are chosen so that the finite
sum is exactly h(c) for one dimensional polynomials g(z) up
to degree 47 ((Xrylov, 1952, »pn.110-111 and 237-34n),
(Abramowitz and Stegun, 1970)). The two dimensional
integrator is exact for a function qg(zl,z2) such that
g(z21zl), the function conditioned on the value of zl, is a
47 degree polynomial and such thaz the one dimensional
integrals are a 47 deqree polynomial. The two dimensional
integrator is thus exact for a function g(zl,z2) which is

not above degree 47 in either of the two variables,

2 listing of the one dimensional Gaussian quadrature
subroutine used in the calculations is given in the Appendix
(listing 5). Figure 1 shows the grid of points (zj,zk) on
the unit square at which the bivariate function is evaluated
in the integration. Figure 2 shows the grid of quadrature
coefficients, ijk' used in the 24 point quadrature. The
values shown are the quadrature coefficients for the 144
points in the quarter-square (O<zj<.S, 0<zk<.5), where each
weight has been multiplied by 105. Note that the weights
have been plotted on an equally spaced grid but that the
weights shown in figure 2 are associated with points on the
unequally spaced grid (figure 1). (The numbers of the
points (1-24) with which the weights are associated are
labelled in the figure.) The coefficients for the S74
points on the unit square are derived from the values shown

in figure 2 using the fact that

March 30, 198l




gquadrature coefficient (.S+c) = quadrature coeffieient (.5-c)

for the values of c used in the quadrature program, TFiqure
3 shows the values of loglo(ijk)+ﬁ. These are aqgein plot-
ted on an equally spaced grid but are associated with the

points of figure 1.

2s noted, the 24 point Gaussian quadrature inteqrates
polynomials up to 47 exactly, and was useful for testing
purposes. We anticipate reducing the number of points

eveluated to fewer than 576 for post-testing computations.

The two dimensional integration is obtained by provid-
ing the integrator a function which is itself a one-
dimensional integral. In essence, the subroutine calls
itself. However, since recursive function calls are not
supported in Fortran, the subroutine must invoke & copy of.
itself compiled under a different name. The function araqu-
ment of t@e call to the copy of the integrator does the
actual functional evaluations g(zj,zk,g). As each of the
integrals (l)-(4) has kernel g(u,v,c), the 24x24 grid of
values of g(zi,zk,g) need only be computed once. We take
adventage of this property by storing the matrix g(zi,zk,g)
after evaluation of (1), and using these values for evalua-

tion of (2) - (4). This provides us with the quantities
h{c) = (1)

e(s?ic) = (2)/(1)

March 30, 1981
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E(r?lc)

(3)/(1)

E(rsic) (4)/(1)

as are needed in calculating to(g) and NSE(to(x)lg).

The output from a typical run of the program is a
(N+1)x 7 array of the form:
2 2
hic,) E(s"lc E(rslgl) EXfa e t,(e) t (y

1) 1’

. . . (3 . .

higy) Els?lg)  Elrslgy) E(rilg) t (e

h(c) E(s?) E(rs) E(r?) t, (<€) e, (¥)

Each of the first N rows.corresponds to estimates of the
conditional expectations given an individual confiquration.
The final row provides the estimates of the unconditional

expectation obtained as the average over configurations.
* major choices *

There are several choices in the computational pro-
cedure outlined above which have an effect on the accuracy
of the results. These include the choice of r* and s* and
the forms of r(y) and s(y) used in the transformation from

the data to the configuration. W%We now discuss these.

Relles and Rogers (1977) use the transformation (r,s)

->» (u,v) where r* and s* are the points at which the density

March 30, 1921
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sn_z-f(r+sg)

attains its maximum. They state that this transformation
causes the functions we inteqrate to be more closely con-
stant on their domains. To reduce computation time and

expense, it appears advantageous to choose r* and s* Lky a

method other than that suggested by Relles and Rogers.
The possibility of using

r* = r
obs

SIS
Sobs

has been tested for various functional forms of r and s.

The form
ER-SEEA 1N}
s = y(n)-y(l) ,

i.e., the minimum as the location estimate and the range of
the data as the scale estimate has the property of putting
the configuration on the interval [0,1]. However, when

-3 * = *= i
these forms are used tith r L J. and s Sobs’ the estimates

produced for some samples are very inaccurate.

The problem with this approach can be seen in a close
look at the integration for a straggling sample. Samples
with large values of y(n)-y(l) were observed when the data

were generated from the slash. The density of the slash is

March 30, 1¢981
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——:é7—41-exp{- %yz}) for y#n
\l2wy

1__ for y=0 .
2\ |2w»

Alternately, slash is defined as the ratio of an independent

Gaussian to 2 uniform (0,1) random variable. The slash den-
sity is like the Gaussian in the middle and like the Cauchy
in the tails, and so has much longer tails then the Gaus-

sian.

In samples with a large range the contribution from
several points on the 24x24 grid used in the quadrature
swamp all others and the double integration reduces to the
weighted sum of the values of the function at only a few
points. Figure (4) shows the 24x24 grid of powers of 1071
of the values of g(u,v,c) used, for a particuler configura-
tion, in evaluating the double integral. This plot is for a
sample of n=20 with y(20)-y(1) = 41,722, and with y(15)-y(5)
= 2.808. The values here and in the figures 5-8 are shown

on an equally spaced grid, but correspond to points on the

grid shown in figure 1.

As an alternative, the location and scale measures

~
[]

midpivot = meen of the pivots

(9]
[}

pivotspread = difference of the pivots

{ * = *
were tried and used with r fobs and s L e in the second

transformation. The pivot depth is defined as the integer

March 30, 1981
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part of the hinge depth, i.e., for sample size n, pivot

+ :
depth = E%?%;ﬂ+%} where the brackets denote integer part.
The pivots are then the order statistics with depth = pivot
depth and the midpivot is the average of the two pivots.

Figure (5) shows the 24x24 grid of powers of 1071

of the
values of the function g(u,v,c)/J(u,v) (i.e., without the
Jacobian J(u,v) from the second transformation) when these
new values are used. Figure (6) is the comparable plot for
the function g(u,v,c). Comparing figures (4) and (5), we
seé a much more constant order of magnitude of the function
over the domain when the midpivot and pivotspread are used.
Figure (7) shows the grid of powers of 10~ 1 of the values of

the product of the function g(u,v,c) and the quadrature

coefficients used in the integration.

In an attempt to make the surface we integrate over
still more constant, r* and s* were moved to correspond to
(*) in fiqure (5). The results are shown in figure (8),
where the values plotted on the grid are again powers of

-1

10 for the function values. Also of interest is the

change in the optimum estimate for the original
* = 1
r Ess ™ midpivot
* =
s Sobs = pivotspread

and the relocated r* and s*. The estimate values are
-.7076168 and -.7074012, respectively. This small chanage

(.0002156) in the values of the estimate leads us to ques-
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tion the gain from recentering.
3. Bisampling.

In the previous section, computations for the case when
data are generated from and used as if they are from the
same situation were described. In bisampling (see listing 2
in the appendix), we distinquish between the generating
situation and the evaluating situation. The former is the
situation actually generating the data, while the latter is
the situation we treat the data as being from anéd at which

we evaluate the optimum estimate.

Suppose we have two situations, for example, slash and
Gaussian, fs and fG. We generate a sample from the Gaussien
and proceed as described in the previous section to calcu-
late the minimum veriance estimate for the associated confi-
guration. Here the Gaussian is both the generating and the
evaluating distribution. We then use the same data and con-
figuration and treat it as being generated by slash, i.e. we
have a Gaussian generating and a slash evaluating situation,

A similar procedure is followed with generated slash data.

In bisampling, we also calculate weights, Wa and wg as

£
[

o = £gle) /(g g (€)+d £ (<))

£
[}

£ (e)/(dg fq(e)+d £ (<))

where dG and ds are the sampling fractions, NC/(VG+NS) and

Ns/(NG+Ns), for the Gaussian and slash, respectively. Ve is

March 30, 1981
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the weight proportional to the probebility thet the confi-

guration is Gaussian given that the configuration is one of
NG Gaussian configurations or Ns slash confiqurations; W is
defined similarly for the slash. These weights are used in

calculating the average MSE, and MSE_ .
The output from this program is

2 G
w BG{s icl to(y) MSE,

; 2 s
W Es{s icl to(x) MSE:s

for each of the samples from the Gaussian and for each of
the samples from the slash. Evaluation of the maximum
attainable biefficiency (for slash and Gaussian cdatée) using
this output is presently under consideration (see 1isting_3

in the appendix and (Tukey, 1981a)).
4. Conclusions,

Computing the optimum estimate for a situation using
configural sampling or configural polysampling methods
involves the evaluatinon of several double integrals. The
choices of (1) functional forms of r and s used in
transforming the data to the configurations, and (2) the
values of r* and s* as appropriate central values of the
bivariate density fc (r,s) affect the precision and eccuracy

of the numerical integrations. The choices

March 30, 1¢81




r = midpivot

1 s = pivotspread

and

* =
2 sobs

give well-balanced functions and, thereby, good inteqral
evaluations and estimates. This choice also keeps computa-

tion costs to a reasonable level and below those of some

alternative choices.
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SHATOU F"""r" (? ”“V‘ TRl

FEAD(7,)) XE,¥%16,VC,SC,TC,V5,89,TC

FCRITT(FIX,T16.7 .//I‘X,t"‘ 7,/1’.‘15.',‘!"4./,/"’5 LR PN |
¥1 = (X16 - XS5)*(X1Ff - XF)

(k1 = SG/PVC

W2 = §S/PVS

T = TC*R(1)*UC*U'W1 + TE*P(]1)*Peruild

T & T/(WCHA(1)*V'H]1 + 1IS*P(]) *1'%w2)

B = (TG-T)*(TC-T)*UH]/X1

AMED = (FTT)¥*(TR=T) * ¥RI/X1

CriTe(t,?2) 7T,wC,BAMSG,US,AH8S
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REVIND 8

Lo 25@ K=1,2

ve = @,
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VE>l =0,
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CPICULATES V'ETar~™cl AVSFACT CF RFLATIVE EYCESC YAPTRENCEC FOP
AR 2R =

PEAD(R,2) T,UC,2MECE,1IC, MMES

VC = VG + [C*amcC

Ve = Ve + ;e*arac

el = UEY 4+ ¢

TH2 = U2 4+ UT

CerTIRUT

LE (X Bk NGRS 20l

VC = (VE/VEY 4+VyZ) /2.

Vs = (Ve/Tv2 + vyve) /2.

coTC 280

vz = ya/irm

VvVs = ve/vu?

COMTINUE

KE = ¥KH4]

V(1) = VS - vZ

VRITE(F,3) VC,VS

FCRMAT(10X, 'T™HD EYCESS VYPRIRMCES APE. ¢ 2P14,7)
ITEEATES, CHRNCINC SHACLZS! PRICCS (M'TTL (VC-VES)<.0"°"?
CR 11 ITEFATICMA

IF(CAPS(VC-VS) .IL. EPS .CP. KV _CE. ITL) GCTC &°°
IF(XH .E2. 1) GCTZC 2nn

28 = 2(1) - V() (A(1)=2(2))/(V(1)-V(?))

TF(3E .Cr, 1.) »¥= 1,

B{s) = Bely
EN(GZEp =] 'R 1)
A0 2 WS

(1) =1, - A%
v(z) = V(1)
GCTC 477

a(2) = a(1)
B(3) & £ (1)
Vel = (1)

IF(VE JE2. DNPX1(VG,VTS)) ©(1) = Ve/YCT*F (1)
AR =Sl =R (1)

IF(VE JEQ. DMAXYI(VS,VR)) 2 (1) = yC/uc*r (1)
F(1) = 1-2(1)

COTO 400
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URITE(6,?) 2(1),P(1)

FCPMAT(1C8X,'TNE SBArLCY! PPICFES BARF: ',2T11.4)
VPITE(6,4) VC,VS
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SUERCUTINE SORTR(V,¥)
THPLTCTT PERAL*2 (A-E,0-7)
FLAL*E V (V)
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M=T-1

=t /2
IF(Y .EC. 8) QETQO®M

THEERARN T L FY

L=]

®AlL oK%, ) G2 AT &
TF(V(L+M) .CcZ. V(L)) CC T2 ¢
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C LISTING S

SUBPCUTINE RINT?24(FCT,Y)
DCUBIL.E PPECISTIOM VY,»,C,FCT
DATA A/0, SRR/

C=,497592670998¢c])pA°p"
Y=,61706142000035G0ar-2*% (FCT(R+C)+FCT(A-C))

e dia & s o B0 b A abiig

Y=Y¥+,142€C6042]144€FR22D=-1*(FCT(2+C)+FCT(2-C))
(Gt G5 IR (SEIERL DE R 2 e
Y=Y+,2212€7104M°700QQAC-1*(FCT(B+C)+FCT(2=-C))
C=.4423207762858722¢7520"

Y=Y+ ,206€492€245771FI0D-1*(FCT(B+C)+FCT(1-C))
(G50 BN PR OEFEC RIS 4 G
Y=Y+,2€66732407NCS401E2D=-1*(ICT(R+CY+FCT(2=-C))
C=,2707€20987R02771¢0A

Y=Y+ ,43050FRATFSOTRRIOL-I*(FCT(A+CY+FTT(B-C))
C=.32404692597R49779T0

Y=Y+, 4990032802 NRKR0AAD-1*(FOCT(A+CY+FCT(RA-C))
C=.272710735F04471077121
Y=Y+.53722138757Q092°170=1*(FCT(A+CY+FCT(2-C))
C=.21€RQF€T53R1 2122571

Y=Y+ 577S282402€RR2EC1ID-1*(FCT(B+C)+FCT(A-C))
C=,1575211339°2487A1€9TC

Y=Y+, 6083523646200 1€0ED-1*(FCT( +C)+FCT (A-C))
C=,9585822273<00p1¢8r-]
Y=Y+,F2918728273L12414PD=1%(FCT (R4C)+FCT(2=C))
C=,327422446421272212C-1
Y=Y+,F206929767337A2TRD-1*(FCT(A+C) +FCT (R~C))
RETURN

END
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Figure 8: Powers of 10 ~ for the values or guu,v,Z; o
which the function is evaluated for inteqgration

(r* and s* reloceted).
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